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2. RIESZ
Riesz
. , Aliprantis &Burkin-
shaw[1], Luxemburg&Zaanen[12] .
, , Lebesgue




$V$ , $u,$ $v,$ $w\in V$ . $V$ 2 \leq
(P1) $u\leq u$ ( )
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(P2) $u\leq v$ $v\leq w$ $u\leq w$ ( )
(P3) $u\leq v$ $v\leq u$ $u=v$ ( )
, (partial order) , $(V, \leq)$
(partially ordered set) .
$(V, \leq)$ $D$ , , , ,
: $u_{0}\in V$ , $\forall v\in D$ $v\leq u_{0}$ , $D$
(upper bound) . $u_{0}\in V$ $D$ , , $u_{0}$ $D$
, $D$ $u_{\acute{0}}$ $u_{0}\leq u_{\acute{0}}$ , (supremum)
. . $V$ $D=\{u_{\lambda}\}_{\lambda\in\Lambda}$ ,
, $\sup D,$ $\sup\{u : u\in D\},$ $\sup_{\lambda\in\Lambda}u_{\lambda},$ $_{\lambda\in\Lambda}u$ \lambda
, $\inf D,$ $\inf\{u : u\in D\},$ $\inf_{\lambda\in\Lambda}u_{\lambda},$ $\bigwedge_{\lambda\in\Lambda}u$ ’ , $D=$
$\{u_{1}, u_{2}, \ldots, u_{n}\}$ , , $u_{1}\vee u_{2}\vee\cdots\vee un’$ $u_{\mathrm{I}}\Lambda u_{2}\Lambda\cdots\Lambda u_{n}$
. 2 $\vee$ $\Lambda$ (lattice operation) .
2.1. $V$ \leq
,
(R1) $u,$ $v,$ $w\in V$ , $u\leq v$ $u+w\leq v+w$
(R2) $u\in V_{\mathrm{r}}a\in \mathbb{R}$ , $u\geq 0,$ $a$ \geq 0 $au\geq 0$
, (ordered vector space) . ,
$V$ (lattice) ,
(R3) $u,$ $v\in V$ , $u\vee v$ , $u\Lambda v$
, (vector lattice) Riesz (Riesz space) .
$V$ Riesz . $u\in V$ $u\geq 0$ , (positive)
, $V^{+}$ : , $V^{+}:=\{u\in V : u\geq 0\}$ . ,
$u\in V$ (positive part) $u^{+}:=u\vee 0$ , (negative part)
$u^{-}:=(-u)\vee 0$ , (modulus) $|u|:=u\vee(-u)$ , $u=u^{+}-u_{9}^{-}$
$|u|=u"+u_{:}^{-}u$+, $u^{-}\geq 0$ .
,
, .
: $D\subset V$ $v_{0}:= \sup${ $v$ : $v$ \in D} ,
$u\in V$ $u \Lambda v_{0}=\sup\{u\Lambda v : v\in D\}$ . , T $w_{0}:= \inf\{w$ :
$w\in D\}$ , $u\in V$ $u \vee w_{0}=\inf${$u\vee w:w$ \in D}.
$\bullet$ Birkhoff : $u,$ $v,$ $w\in V$
$|u\vee w-v\vee w|\leq|$u-v $|$ , $|$u $\Lambda w-v\Lambda w|\leq|$u-v $|$ ,
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$|u+-v"$ $|\leq|$u-v $|$ , $|u--v-|\leq|$u-v $|$ .
$\bullet$ Riesz : $u,$ $x_{1},$ $x_{2}\in V^{+}$ $u\leq x_{1}+x_{2}$ . , $\cdot$ $u_{1},$ $u_{2}\in$
$V^{+}$ , $u_{1}\leq x_{1},$ $u_{2}\leq x_{2},$ $u=u_{1}+u_{2}$ .
$\mathbb{R}$ , , , ,
Riesz ,
. , $\mathbb{R}$ (total order)
, 2 $u,$ $v\in \mathbb{R}$ , $u\leq v$ $v\leq u$ , Riesz
, $u\not\leq v$ $u>v$ . ,
$\mathbb{R}$ $A$ , $a= \sup A$ , $a$ $A$
$\epsilon$- : $\forall\epsilon>0,$ $\exists a,$ $\in A;a-\epsilon\leq a_{\epsilon}$ , –
Riesz $\epsilon$- .
, $\mathrm{D}$-convergence (BoccutO&




2.2. $V$ Riesz .
(i) $V$ , $V$ Dedekind
(Dedekind complete) $\mathrm{A}\mathrm{a}$ .
(ii) $V$ , $V$ Dedekind
$\sigma$- (Dedekind $\sigma$-complete) .
: $\inf\{f : f\in D\}=-\sup\{-f : f\in D\}$ , $V$
Dedekind , $V$
. Dedekind \sigma - .
Dedekind Riesz Dedekind $\sigma$- , , Archimedean,
, $\forall u\in V^{+}$ $\inf\{n^{-1}u : n\in \mathrm{N}\}=0$ . , Riesz $V$
$D$ , $D$ $D_{0}$
, $\sup D=\sup D$0 , $V$ countable $\sup$ property ,
(order separable) . Dedekind Riesz super
Dedekind .
Riesz $V$ I&’E 2
(i) Riesz : $u,$ $v\in I$ $u\vee v,$ $u\Lambda v\in I$
(ii) solid: $u\in V,$ $v$ \in I $|u|\leq|v|$ $u\in I$
201
, (order ideal) . $V$ Dedekind , Dedekind
$\sigma$- , , $V$ . ,
Riesz .
2.3. (i) $m$ Riesz $\mathbb{R}^{m}$ super
Dedekind . , $\mathbb{R}^{m}$ j $c_{0}^{m},$ $l_{p}^{m}(0<p\leq\infty)$
super Dedekind .
(ii) $\Lambda$ Riesz $\mathbb{R}^{\Lambda}$ A
, $\mathbb{R}^{\Lambda}$ super Dedekind , $\Lambda$ , $\mathbb{R}^{\Lambda}$ Dedekind . A
Riesz $M$ (\Lambda ) $\mathbb{R}^{\Lambda}$ ,
$\mathbb{R}^{\Lambda}$ .
(iii) Riesz $s$ super Dedekind . , $s$
0 Riesz $\mathrm{c}_{0},$ $p$
Riesz $\ell_{p}(0<p<\infty)$ , Riesz
1 super Dedekind .
(iv) $(\Omega, A, \lambda)$ $\sigma$- . $\Omega$ \lambda -
Riesz $M($ \Omega , $\lambda)$ super Dedekind . , $M($ \Omega , $\lambda)$
$p$
$\lambda$- Riesz $L_{p}($ \Omega , $\lambda)(0<p<\infty)$ \lambda -
$\lambda$- Riesz $L_{\infty}(\Omega, \lambda)$ super Dedekind .
(v) $\Gamma$
Riesz $ba(\Gamma)$ Dedekind .
(vi) $\Gamma$ \sigma -
Riesz $ca(\Gamma)$ Dedekind .
(vii) Riesz $V$ Dedekind Riesz $W$
Riesz $\mathcal{L}_{b}$ (V, $W$) Dedekind .
(viii) Hausdorff $S$ Riesz
$C$ (S) . $S$ Stonean, , $S$
$C$ (S) Dedekind . $S$ $\sigma$-Stonean, , $S$ F\sigma -








3.1. $V$ Riesz , $\{u_{\alpha}\}_{\alpha\in\Gamma}\subset V$ , $u\in V$ .
(i) $\{u_{\alpha}\}_{\alpha\in\Gamma}$ ( ) , $u= \inf_{\alpha\in\Gamma}u_{\alpha}(u=\sup_{\alpha\in\Gamma}u\alpha)$ ,
u $u$ 1 $\mathrm{A}^{\mathrm{a}}\mathfrak{h}^{\mathrm{a}},$ $u_{\alpha}\downarrow u(u_{\alpha}\uparrow u)$ .
(ii) $p_{\alpha}\downarrow 0$ $\dagger \mathrm{J}$ $\{p_{\alpha}\}_{\alpha\in\Gamma}\subset V$ , $\forall\alpha\in\Gamma$ $|u-u_{\alpha}$ l\leq p








(i) $u_{n}:=$ ( $u_{n}$ (1), . . . , $u_{n}($m)), $u:=(u($1), . . . , $u(m))\in \mathbb{R}^{m}$ , $u_{n}\underline{o}u$
, , $i=1,2$ , . . . , $m$ $u_{n}(i)arrow u$ (i) .
(ii) $u_{n}:=$ ( $u_{n}$ (t)) $t\in\Lambda,$ $u:=(u(t))_{\mathrm{t}\in\Lambda}\in \mathbb{R}^{\Lambda}$ , $u_{n}-^{O}u$ ,
, $t\in\Lambda$ $u_{n}(t)arrow u(t)$ . , $u_{n},$ $u\in M$(A) ,
$u_{n}-^{o}u$ in $M$ (\Lambda ) , , $\{u_{n}\}_{n\in N}$ $M$ (A) ,
, $\exists v\in M$ (\Lambda ); $\forall n\in \mathrm{N},$ $\forall t\in\Lambda,$ $|u_{n}(t)|\leq v$ (t) $\#$ .
(iii) $u_{n}:=$ ( $u_{n}$ (i)) $i\in \mathrm{N},$ $u:=(u(i))_{i\in \mathrm{N}}\in s$ , $u_{n}-^{o}u$ ,
, $i\in \mathrm{N}$ $u_{n}(i)arrow u$ ( i) . $u_{n)}u\in c_{0}$ , $u_{n}arrow^{o}u$ in $c_{0}$ ,
, $\{u_{n}\}_{n\in \mathrm{N}}$ $c_{0}$ , , $\exists v\in c_{0};\forall n\in \mathrm{N},$ $\forall i\in$
$\mathrm{N},$ $|u_{n}(i)|\leq v$ (i) $\mathrm{I}$ . , $u_{n\}}u\in p_{p}(0<p\leq\infty)$
, $u_{n}-^{O}u$ in $\ell_{p}$ , , {un}n $\mathrm{N}$ $\ell_{p}$ ,
, $\exists v\in\ell_{p};\forall n\in \mathrm{N},$ $\forall i\in \mathrm{N}$ , |u $(i)|\leq v$ (i) $\mathrm{D}$ .
(iv) $u_{n},$ $u\in M($ \Omega , $\lambda)$ , $u_{n}-^{o}u$ , , $u_{n}arrow u(\lambda- \mathrm{a}.\mathrm{e}.)$
. $u_{n},$ $u\in L_{p}($ \Omega , $\lambda)(0<p\leq\infty)$ , $u_{n}$ 4 $u$ in $L_{p}($ \Omega , $\lambda)$ ,
$\{u_{n}\}_{n\in \mathrm{N}}$ $L_{p}($ \Omega , $\lambda)$ $l\mathrm{e}$ , , $\exists v\in L_{p}($ \Omega , $\lambda);\forall n\in \mathrm{N},$ $|u_{n}|\leq v$
$(\lambda- \mathrm{a}.\mathrm{e}.)$ .
(v) $u_{n},$ $u\in C$ (S) , $u_{n}arrow^{O}u$ , , $\forall t\in S,$ $u_{n}(t)arrow u(t)$







4.1. $V$ Dedekind Riesz , $(\Omega, A)$ , $\mu$ : $Aarrow V$
. $\{A_{n}\}_{n\in \mathrm{N}}\subset A$
$\mu(\bigcup_{n=1}^{\infty}A_{n})=\sup_{n\in \mathrm{N}}\sum$L1 $\mu(A_{k})$ , $\mu$ \sigma - ,
$\sigma$- \sigma - .
Riesz $L_{p}(1\leq p<\infty)$ $\mathrm{A}\mathrm{a}$ , $||u||_{p}:=( \int_{\Omega}|u(\omega)|^{p}\mu(\omega))^{1/p}$
$\sigma$- ( $\sigma$-order continuous) , $L_{p}$ ,
$||\cdot||_{p}$- . , 4.1 $\sigma$- Banach
$\sigma$- . ,
Riesz $\tau$ , $u_{n}\uparrow u$ $\{u_{n}\}_{n\in \mathrm{N}}\subset V$
$u\in V$ , u $\tau$ $u$ ,
$\tau$ $V$ $\sigma$- ( $\sigma$-compatible) . , Floyd [5]
, Hausdorff $\sigma$- Riesz
. , 4.1 $\sigma$- , \sigma -
.
$\mu$ : $Aarrow V$ $\sigma$- ,
: , $\mu$ $\sigma$- , $A_{n}\uparrow A$
$\mu(A_{n})\uparrow\mu(A)$ . , $A_{n}\downarrow A$
$\mu(A_{n})\downarrow\mu(A)$ l .
Riesz \sigma - .
4.2. $V$ Dedekind Riesz , $T:L_{1}$ $[0,1]arrow V$ \sigma -
. $\mu(A):=T(\chi_{A})(A\in B([0,1]))$ , $\mu$ : $B([0,1])arrow V$ \sigma -
. , $B$ ([0,1]) t $[0, 1]$ Borel \sigma - .
5. RIESZ
, J.D.M. Wright $[14, 16]$ Riesz \sigma -
. , , $V$ Dedekind
Riesz , $(\Omega, A)$ , $f,$ $f_{n},$ $g.f\mathit{1}$ $\Omega$
.
, $\forall u\in V$ $u<+\infty$ $\infty\not\in V$
$+\infty$ $V$ , $V$ . ,
$\{u_{n}\}_{n\in \mathbb{N}}$ $\subset V$ , $\sup_{n\in \mathrm{N}}u_{n}=+\infty$ .
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5.1. (i) $A$- $f= \sum_{k=1}^{n}a$k $\chi_{A_{k}}(n\in \mathrm{N},$ $a$ 1, . . . , $a_{n}\in \mathbb{R},$ $A$ 1, . . . , $A_{n}\in$
$A,$ $A_{i}\cap A_{j}=\emptyset$ for $i\neq$
$\int_{\Omega}fd\mu:=\sum_{k=1}^{n}a_{k}\mu(A_{k})$
. well-defined, , $f$
.
(ii) $A$- , $\{f_{n}\}_{n\in \mathrm{N}}$ $f$ A-
$\int_{\Omega}fd\mu:=\sup_{n\in \mathrm{N}}\int_{\Omega}f_{n}d\mu$
( $\infty$ ). well-defined, , $f$
$\{f_{n}\}_{n\in \mathrm{N}}$ .
(iii) $A$- $f$ , $\int_{\Omega}f^{+}d\mu<+\infty,$ $\int$\Omega $f^{-}d\mu$ $\infty$ , \mu -
. $f$ $\mu$
$\int_{\Omega}fd\mu:=\int_{\Omega}f^{+}d\mu-\int_{\Omega}f^{-}d\mu$
. , $f^{+}:=f\vee 0,$ $f^{-}:=(-f)\vee 0$ .
, $\Omega$ $\mu$- $A$- $\mathcal{L}_{1}(\Omega,\mu)$
, “ ” .
.
Wright $[14, 16]$ .
5.2. (i) $\mathcal{L}_{1}($ \Omega , $\mu)$ , $f-* \int_{\Omega}fd\mu$ $\mathcal{L}_{1}($ \Omega , $\mu)$ $V$
. , $f\in \mathcal{L}_{1}($ \Omega , $\mu)$ $|f|\in \mathcal{L}_{1}($ \Omega , $\mu)$ .
(ii) : $\{f_{n}\}_{n\in \mathrm{N}}$ $A$- , $\omega\in\Omega$
$f( \omega)=\sup_{n\in \mathrm{N}}f_{n}(\omega)<\infty$ .
$\int_{\Omega}fd\mu=\sup_{n\in \mathrm{N}}\int_{\Omega}f_{n}d\mu$
. , $+\infty$ .
(iii) Fatou : $\{f_{n}\}_{n\in \mathrm{N}}\subset \mathcal{L}_{1}(\Omega, \mu)$ , $f_{n}\geq 0$ for $\forall n\in \mathrm{N}$ .
$\int_{\Omega}(\sup_{n\geq 1}\inf_{k\geq n}f_{k})d\mu\leq\sup_{n\geq 1}\inf_{k\geq n}\int_{\Omega}f_{k}d\mu$
. , $+\infty$ .
(iv) : $\{f_{n}\}_{n\in \mathrm{N}}\subset \mathcal{L}_{1}($\Omega , $\mu)$ , $\omega\in\Omega$ $f( \omega)=\lim_{narrow\infty}f_{n}(\omega)$
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